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Abstract. The Ahlfors- Weill extension of a conformal mapping of the disk is generalized to the 

>--^ ' lift of a harmonic mapping of the disk to a minimal surface, producing homeomorphic and quasi- 

conformal extensions. The extension is obtained by a reflection across the boundary of the surface 

^~^i using a family of Euclidean circles orthogonal to the surface. This gives a geometric generalization 

C^ ' of the Ahlfors- Weill formula and extends the minimal surface. Thus one obtains a homeomorphism 

of C onto a toplological sphere in R'^ = R^ U {00} that is real-analytic off the boundary. The 

hypotheses involve bounds on a generalized Schwarzian derivative for harmonic mappings in term 

>0 ' of the hyperbolic metric of the disk and the Gaussian curvature of the minimal surface. Hyperbolic 

Cn , convexity plays a crucial role. 

^ ' 1. Introduction 



^ 



If / is an analytic, locally injective function its Schwarzian derivative is 



We owe to Nehari [10] the discovery that the size of the Schwarzian derivative of an analytic 
function is related to its injectivity, and to Ahlfors and Weill [2] the discovery of an allied, stronger 
K* ' phenomenon of quasiconformal extension of the function. We state the combined results as follows: 

CO . Theorem 1. Let f be analytic and locally injective in the unit disk, B. 

^: (a) If 

g: 1^/(^)1 < (i_|^|2)2 ^ ^eB, (1) 

^^ . then f is injective in B. 

(b) If for some t < 1 



\Sf{z)\<—4^^, zGB, (2) 



S . then f has a j^- quasiconformal extension to C 

A remarkable aspect of Ahlfors and Weill's theorem is the explicit formula they give for the qua- 
siconformal extension. They need the stronger inequality ([2]) to show, first of all, that the extended 
mapping has a positive Jacobian and is hence a local homeomorphism. Global injectivity then 
follows from the monodromy theorem and quasiconformality from a calculation of the dilatation. 
The topological argument cannot get started without ([2]), but a different approach in [5] shows 
that the same formula still provides a homeomorphic extension even when / satisfies the weaker 
inequality ([1]) and /(B) is a Jordan domain. As to the latter requirement, if / satisfies ([1]) then 
/(B) fails to be a Jordan domain only when /(B) is a parallel strip or the image of a parallel strip 
under a Mobius transformation, as shown by Gehring and Pommerenke [8]. 
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In earlier work we introduced a Schwarzian derivative for plane harmonic mappings and we es- 
tablished an injectivity criterion analogous to ([1]) for the Weierstrass-Enneper lift of a harmonic 
mapping of D to a minimal surface. In this paper we show that injective and quasiconformal exten- 
sions also obtain in this more general setting under conditions analogous to ([T|) and Q, respectively. 
The construction is a geometric generalization of the Ahlfors- Weill formula and extends the mini- 
mal surface. Thus one obtains a homeomorphism of C onto a toplological sphere in M^ = ]^3 y {00} 
that is actually real-analytic off dO. Precise statements require some additional preparation, and 
for more background and details we refer to [3]. 

Let / : B — > C be a harmonic mapping. As is customary we write / = h + g, where g and 
h are analytic. We assume that / is locally injective and that the dilatation uo = g' /h! is the 
square of a meromorphic function on D. Under these assumptions there is a lift /: D — > S, the 
Weierstrass-Enneper lift, onto a minimal surface S C M'^. Furthermore, / is a conformal mapping 
of D to S, each with its Euclidean metric. We let go denote the Euclidean metric on M^, or the 
induced Euclidean metric on S. The pullback of go is a conformal metric on B: 

e^-^ldzp = 7*(go) where e" = \h'\ + \g'\. 

In terms of fx, the Gauss curvature of S at a point f{z) is 

KU{z)) = -e-2<-(^)Aa(z). 

For a minimal surface the curvature is < 0. The Schwarzian of / (or of /) is 

Sf = 2{a,,-al). (3) 

This becomes the usual Schwarzian when / is a analytic, in which case a = log |/'|. 

Much of our work will go into defining an injective, continuous reflection of S across its boundary, 
R: S — > S* C M^, with which we will extend / to 

F(z) = [M^ ^eB, _ 

\i?(/(l/z)), zgC\B. 

The analysis will include a discussion of boundary values. 

We state our results in parallel to Theorem [H including the homeomorphic extension for the first 
part: 

Theorem 2. Let f be harmonic and locally injective in B with lift f : B — > S. 

(a) If 

\Sf{z)\+e'^^^^\K{f{z))\< J zGB, (4) 

then f is injective in B. ///(9B) is a Jordan curve then F is a continuous, injective extension 
to C. 

(b) If for some t < 1 

|5/(z)|+e^-(-)|i^(/(z))|< zGB, (5) 

and if for some constant C 

||V(7(z)||<- ^, zGB, (6) 

1 — |zp 

then F is a quasiconformal extension to C with a bound depending only on t and C . 
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The injectivity in part (a) was proved in [3] in even greater generality, so the point here is the 
extension. It was also proved in [3] that if / satisfies ([H) then / and / have spherically continuous 
extensions to dD. Furthermore, we know exactly when /(9B) fails to be a simple closed curve in 
M^, namely when / maps D into a catenoid and (9S is pinched by a Euclidean circle on the surface. 
More precisely, there is a Euclidean circle C on S and a point P £ C with /(Ci) = P = /(C2) for a 
pair of points Ci; C2 S f?D. Equality holds in (JH) along f~^{C \ {P}), and because of this a function 
satisfying the stronger inequality ([5]) is always injective on 9D. 

Independent of its connection with injectivity, an enduring source of interest in the analytic 
Schwarzian stems from its invariance properties under Mobius transformations: if T(z) = [az + 
b)/{cz + d) then 

S{Tof) = Sf and S{f oT) = {{Sf) oT){T')\ (7) 

For harmonic mappings and the harmonic Schwarzian the former equation does not apply since 
T o / is generally not harmonic. However, the latter equation continues to hold. As a consequence 
of this and Schwarz's Lemma, if a harmonic mapping / satisfies ([!]) or (j5]) and if T is a Mobius 
transformation of D onto itself, then f o T also satisfies the inequalities. The equations ([7]) are 
contained in the more general chain rule for the Schwarzian, 

S{9of) = {{Sg)of)(ff + Sf. (8) 

By 'quasiconformal' we mean that F satisfies 

maxiiv-ii-i \\DxF\\ 

Il^ll"^" ^J < A (9) 

min||^ll=i \\DxF\\ 

at all points in C \ 5D for an A that depends only on t and C. The ratio is 1 at points in D because 
there F{z) = f{z) is conformal. 

The statements in Theorem [2] all reduce to their classical counterparts when / is analytic, in- 
cluding the formula for the extension. The condition ([6]) becomes 



f"{z) 



f'{z) 



C 
< 



I- z 
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and this is true with C = 6 when / is injective in B, in particular when / satisfies ([T]). For harmonic 
mappings we must assume (0), but it is a mild restriction that holds for many cases of interest, for 
example when / is bounded. 

The proof of Theorem [2] is in several parts. In Section [3] we will construct the reflection and 
show that it is injective when / satisfies @. This is supported by lemmas on convexity and critical 
points proved in Section [2j In Section |4] we show that the extension matches up continuously along 
d]S>, completing the proof of the first part of the theorem. In Section [5] we show that the reflection, 
and hence the extension, is quasiconformal when / satisfies the stronger inequality ([5]). 

The reflection w >-^ w* sews a surface S* = i?(S) to the minimal surface S along the boundary. 
It would be interesting to study the geometry of S*, both when R is simply injective and espe- 
cially when it is quasiconformal. The latter provides a class of surfaces that are quasiconformaly 
equivalent to a sphere, about which there is limited knowledge. We hope to return to this topic on 
another occasion. 

2. Three Lemmas on Convexity and Critical Points 

In this section we borrow some results and techniques from [3], all having to do with convexity, 
to set the stage for constructing the reflection. 
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A real-valued function u on B is hyperbolically convex if 

(no7)"(s)>0 (10) 

for all hyperbolic geodesies j{s) in D, where s is the hyperbolic arclength parameter. A special case 
of Theorem 4 in [H] tells us that when / satisfies the injectivity condition Q the positive function 

ur{z) = ^=^===, zen, (11) 

^ \/(l - |z|2)e'^W 

is hyperbolically convex. The principle is that an upper bound for the Schwarzian leads to a lower 



bound for the Hessian of uj, and from there to (|10p when ur is restricted to a geodesic. We will 
have some additional comments at the end of this section. 

A second principle is to employ a version of the Schwarzian introduced by Ahlfors in [1] when 
studying conditions such as @ along curves. Let if : (a, 6) — t- R" be of class C^ with (p'{x) ^ 0. 
Ahlfors defined 

i^'",^') Up;w)^ sy'T .,,. 

where (•, •) denotes the Euclidean inner product. If T is a Mobius transformation of M" then 
5*1 (T o ip) = Slip, so this important invariance property is available. 

Whereas Ahlfors' interest was in the relation of Sup to the change in cross ratio under p, another 
geometric property of Sip was discovered by Chuaqui and Gevirtz in [1]. Namely, if 



then 



b'l 



^-^■^)'-i(7)^4"^^- (-> 



where k is the curvature of the curve x i— )• p{x). 

Si generalizes the real part of the analytic Schwarzian, while the connection we need between 
Si and the Schwarzian for harmonic maps is 

SiRx) < Re{Sf{x)} + e2-(-)|K(7(x))|, -1< x < 1; 

see Lemma 1 in [3]. Thus if / satisfies ([!]) then 

SJix) < ^ -1< X < 1. (14) 

(1 — x^j^ 

With all this as background, our first lemma is fairly straightforward. 
Lemma 1. Let f satisfy ^, with lift f , and let T be a Mobius transformation ofM.^. The function 



Urp 

1 ' 



r(j) = — ^ e^ = (||r'||o ne"^. 



V(l-|2P)e-(^)' 
is hyperbolically convex in D. 

While (T o /)(B) = T(S) is generally not a minimal surface, T is a conformal mapping of M^ 
and e^'^jdzp is the corresponding conformal metric on B. 

Proof of Lemma [7J Since u r is hyperbolically convex and we can consider f o M for any Mobius 
transformation of ID onto itself, it suffices to show that Urp^j is hyperbolically convex along the 
diameter — 1 < x < 1. The argument proceeds by comparing coefficients in two second-order 
differential equations. 
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Snp{x) = Sif{x) < ^2X2' -1 < 2; < 1. 



Let 97(3;) = (T o f){x). From Mobius invariance and (J14p . 

2 
(1 ~3;2) 

Now with v{x) = \ip'{x)\ = e^^^> , as above, from ([13 

'v'{x)\ 1 fv'{x)^ 



Let 2p denote the left-hand side, so that 

2pix)<j^^-^, -l<x<L (16) 

The function V = v^^'"^ satisfies the differential equation 

V"+pV = (17) 

and the function 

W{x) = ,^^^^ (18) 

is precisely Urp^r restricted to — 1 < x < 1. If we give — 1 < x < 1 its hyperbolic parametrization, 

s = - loff , x(s) = —^ , x'(s) = 1 — x(s)'^, 

a calculation produces 

d^ „- / 1 



ds^^= ( (1 J^2)2 -P(^))(^-'^')'^(^)' ^ = 3;(S)> 



and appealing to (|16p shows this is nonnegative. D 

The topological condition that / be injective on dO has an analytical consequence on critical 
points that is important for much of our work. 

Lemma 2. // / satisfies (JH) and is injective on (9D then function Urj^^j has at most one critical 
point in B. 



Tof 



Proof. Suppose that Urp^r has two critical points. Composing / with a Mobius transformation of 
D onto itself we may locate the critical points at and a, < a < 1. By convexity these must give 
absolute minima of u^ 7 in D, and the same must be true of u^ r(x) for < x < a. Hence Urr 7 is 
constant on [0, a] and thus constant on (—1, 1) because it is real analytic there. 

It follows that the function v{x) = e'^^^' is a constant multiple of 1/(1 — x^)^. But then V{x) = 
v{x)~^'^ is constant multiple of Vl — x^, and from the differential equation (fT7|l we conclude that 
p{x) = 1/(1 — x^)^. In turn, from (I13p and (llSp this forces the curvature k to vanish identically. 
Thus Tof maps the interval (—1, 1) onto a line with speed ||c^'(x)|| = v{x) = 1/(1 — x^), and so 
(p{l) = V5(— 1) = 00. This violates the assumption that /, hence Tof, is injective on 9B. D 

Continuing with the same assumptions, we now show what happens when there is exactly one 
critical point. 

Lemma 3. Let f satisfy Q and be injective on dO. Let T be a Mobius transformation ofM.^. The 
following are equivalent: 

{i) Urp7 has a critical point. 

(a) (To/)(D) is bounded. 

[Hi) Urp7{re) is eventually increasing along each radius [0, e ). 



{iv) UrpMz) —)• oo as I z| —)• 1. 

In the proof of this lemma, and elsewhere, we will have occasion to use Mobius inversions. 
Following Ahlfors we write 

J{x) 
and for the derivative 
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J'{x) = -r^{\\x\\Hd-2Q{x)), (19) 



where 

and Id is the identity. From this and Q{x)'^ = ||a::|p(5(x) one has 



l'^'(^)ll = ^- (20) 



Ixl'^ 



Proof of Lemma\^ If {iv) holds there is an interior minimum so {iv) =^ {i) is immediate. 

Suppose (i) holds. We may assume the critical point is at the origin. The value tiy^r(O) is the 



absolute minimum for Um r in ID and so 






1- \z 



2- 



Thus r remains finite in D and oo cannot be a point on r(S). 

To show that r(S) is bounded we first work along [0, 1). The hyperbolically convex function 
W{x) = Urp^j{x) in ([T8|) cannot be constant because is the unique critical point. Hence if x{s) is 
the hyperbolic arclength parametrization of [0, 1) with x(0) =0 then 

'^W{x{s))>a, W{x{s))>as + b, 



ds 

for some a, 5 > and all s > sq > 0. From this 

1 

Vlx) 



<^) = T77ZK2 ^ 7 —— X 2 

(l-x2)(flogi±f + 6 



1 d 



adx I I log i±| + 6 
Therefore 



i 



1 ,-1 

e^^^' dx = v{x) dx < oo. 



/O JO 

with a bound depending only on a, b, sq, and (T o /)(!) is finite. 

This argument can be applied on every radius [0, e ), and by compactness the corresponding 
numbers ag,b0, sg can be chosen positive independent of 6. This proves that To / is bounded, and 
hence that {i) =^ {ii). 

For {ii) =^ {Hi) we can first rotate and assume e*^ = 1. In the notation above, we need to 
show for some xq > that M^(a;) is increasing for xq < x < 1. 

We have to follow T by an inversion, so to simplify the notation let /i = T o / and uj {z) = 
((1 — |zp)e'^(^^)~^/2. For wq to be determined let 

w — Wq 



I{w) 



\w — tf^oP' 



and write 

f2 = Iofi, ujiz) = -^ :, and W2{x) = ujix), x ^ {-1,1). 

Again, we know that W2{x{s)) is convex, where s is the hyperbolic arclength parameter. 
From (pOD . 

^'^'^ = ^7T^-^ °^ H^)=r{z)-log\\Mz)-wof, 

\\fl{z) - WqW^ 



and therefore 



But also 

Vnj^(0) = -^VKO), 

and from this equation and (I2ip it is clear we can choose wq to make 

W^(0) = a > 0. 

Convexity then ensures W2{x{s)) > as. 
To work back to W, write 

7 h 



11/: 
whence _ 

\m 



+ W0, (22) 

11/2 11^ 

IN 
Dfi 



II/2P 
and 

W^ = W^2||/2||. 

The assumption we make in (u) is that /i(B) = (T o /)(D) is bounded, and (j22p thus implies 
that II/2II > (^ > 0. Therefore W{x{s)) > a5s. By convexity, there is an xq > so that W{x) is 
increasing for xq < a; < 1. This completes the proof that (ii) =^ {Hi). 
Finally, if {Hi) holds then for each 9 there exists < rg < 1 such that 

d 

—u^^j{ree'') > ae > 0. 

By compactness the rg can be chosen bounded away from 1 and the aQ bounded away from 0. By 
hyperbolic convexity, along the tail of each radius Urp^{r{s)e^^) is uniformly bounded below by a 
linear function of the hyperbolic arclength parameter s, which tends to 00 as r = r{s) — ?• 1. D 

We conclude this section with some remarks on introducing the function uj. Let 



/■ 



\n{zf\dz\'^ = ^2\2 l^^^l^ 



(l-|z|2)2 

be the Poincare metric for D (curvature —4) and let A|; go be the conformal metric on S with 

so that / is an isometry. Since /*(go) = e'^"\dz\^ we have 

(Aso7)(z)= I or AEo7=e-'^AB, (23) 

(1 — \z\'^)e'^^^i 
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and 



Uj 



{\^offl\ 



If / is analytic and injective in D and the plane domain Vl = /(D) replaces S, then As = An is 
the Poincare metric on Q. and Uf = (An o /)^'^. In [B] it was shown that the hyperbolic convexity 

1/2 

of AJ,Q\ for any Mobius transformation T is a characteristic property of functions satisfying the 
Nehari condition ([T|). Lenmia[T]is an analog of this for harmonic maps. We will use As to write 
various identities, inequalities, etc., in forms intrinsic to S. 

3. Circles and Reflections 

We continue to assume that / satisfies the injectivity condition (j3]) with a lift / mapping D to 
the minimal surface S C M^, and also that / is injective on ffB. The purpose of this section is 
to define a reflection R: S — > M^ \ S that provides a continuous, injective extension of /. To 
extend S beyond its boundary we use a family of Euclidean circles (possibly including a line) each 
orthogonal to E. They are defined by the following lemma, which depends on properties of the 
function Uj,r established in the preceding section. 

Lemma 4. For each w G S there is a unique Euclidean circle Cm C M^ with the following properties: 
(i) Cw is orthogonal to T, at w; 
(m) C„ n S = {w}; 

{Hi) Let zq G B and wq = /{zq). A point wi lies on Cyj^ \ {wq} if and only if u.j has a critical 
point at zq, where 

I{w)= „'^~'"^„, , w<^W. 
\\w — w^ill"^ 

If Up has a critical point at zq then C^q is a line satisfying (i) and (ii). 

Briefly, when referring to part {Hi) we say that inversion about any point in Cwq other than wq 
produces a critical point for Uj^j at zq = f~^{wo) G D. Observe that if I o / produces a critical 
point for u, r at zq then so does any further affine change Ao I o f. We will need this later. 

Proof. We begin by determining the conditions under which Uj^r has a critical point when / is an 
inversion. This recapitulates some of the calculations in the proof of Lemma [3l 

Consider first the case zq = 0. We can also assume that /(O) = 0, and we let TqS denote 
the tangent plane to S at 0. Computing from the definition of Uj,^7 we have, as in (j2ip . that 
Vti^^r(O) = if and only if Vr(0) = 0, and this is for any Mobius transformation T. Specializing 
to the inversion 



gives for Uj^ j that 



11^ ^l|| l|j(-2) — Wl\\ 



6"^^)= -/"' ,„ or T{z)=a{z)-\og\\f{z)-w4\ 



\\f{z)-w,^^^ 
Thus 



Vr(0) = Va(0) + ^^((/,(0),u;i), (/,(0),zt;i)), (25) 

\\wi\r 



and Vt(0) = when 



-^{fM.wi) = -\a.M and ^^(/^(0),u;i) = -1^,(0). (26) 

\wi\r 2 F'l 2 



Since / is conformal 

(7.(0), 7,(0)) = and ||7.(0)f = ||7.(0)f = e'^'^'l 
Then ()26p says exactly that the point tt'i/Hii^ilP hes on a hne orthogonal to TqT, through the point 

C = -^e-^'^^o) {<7.(0)7.(0) + <7,(0)7,(0)} . 

on TqS. Call this line Lq; it depends only on the various data at 0. 

The inversion J{w) = w/WwW^ leaves the tangent plane TqS invariant and interchanges and oo, 
where Lq and TqT, meet a second time orthogonally. That is, if we put Cq = J{Lq) then wi G Cq and 
Co is orthogonal to S at and also, generically, orthogonal to TqS at some other finite point (which 
we will determine). The exceptional case is when L n TqS = {0}, which occurs when Vo"(0) = 0. 
Then Vr(0) = and ur already has a critical point at 0. In this case Co = J{Lq) = Lq. This 
proves parts (i) and [iii) of the lemma for zq = 0. 

Part (ii) of the lemma, for zq = 0, follows from Lemma [3j Indeed, if the inversion (j24p produces 
a critical point for u.j (at 0) then /(S) is bounded, and hence wi cannot lie on S. 

Finally, to pass from to an arbitrary point zq G D, consider 

/.w^/(^) -/(.). 

By Schwarz' lemma 

Z + Zq\ 



hence Ut^j has a critical point at if and only if u.j has a critical point at zq. The statements 
(i), [ii) and [iii) then follow from the previous analysis. D 

By means of this construction, each point w on S is associated to a point w* outside S on 
the tangent plane T^„S, namely the other point where C^ meets T^Tj. The points w and w* are 
endpoints of the diameter of Cw that lies in TyjTj. We write w* = R{w), or Ry,{w), and refer to 
w* as the reflection of w. In Section [5] we will show that R fixes 3S pointwise. Note also that 
the arguments used to define the reflection of S can be applied to define the reflection i?s' of any 
surface S' = T(S), T a Mobius transformation, using the function Uj,^j. It is not true, however, 
that Ry.1 oT = T o Rj^. We will return to this at the end of this section. 

It is a consequence of Lemma [2] that R is injective. 

Lemma 5. If w ^ w' then Cw H Cw' = 0- Hence R is injective. 

Proof. The circles meet S only at the distinct points w and w' . If there is a point wi G Cw D Cw' 
it is not on S and the inversion I{w) = {w — wi) / {\\w — wiW"^) produces critical points for u.^r at 

distinct points z = f~^{w) and z' = f~^{w') in ID. This is impossible by Lemma [21 D 

It is not difficult to find a formula for w* = R{w). The vectors 

X{z) = e-^(^)7x(^), Y{z) = e-'^W7,(^) 

are an orthonormal basis for T^S, w = f{z). Again, first take z = and w = f{z) = 0. Since 
w* G Cq the equations (j26]) apply to w* and from these 

^ (^*,X) = -ie-'^Wa,.(0), ^-(u;*,y) = -ie-'^W^^(0)_ 



\\w*\r 2 \\w*\r 2 

This leads easily to 



2e-(0) 



w 



|Va(0)P 
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K(o)x(o) + a,(o)y(o)}. 



The formula when z is any point in B and w = f{z) is obtained by renormahzing / as in the 
proof of the lemma, including a translation by f{z). The result is 

where 

X 1 'Z/ 1 

q(^) = i_u|2 ~ 2^^(^)^ /3(^) = i_|^|2 ~ 2'^y(^)^ z = x + iy. (28) 

One can also verify 

Vlognj(z) = (a(z),/3(z)). 

The function uj has a critical point at z precisely when a{z) = P{z) = 0, in which case w* = oo. 
Note as well that the diameter of C^, is 

gT(z) 

\\uj*-w\\ = —- -^. (29) 

Furthermore, we can write the reflection in a form intrinsic to the surface. 
Lemma 6. The reflection w* = R{w) is given by 

R{w)=w + 2J{VlogXj:{w)), (30) 

where J(w) = w/||tf p. 

Proof. Recall from (|23p the conformal metric A^ go on S that is isometric to the Poincare metric 

|(iz|2/(l — |z|2)2 on B and the relation 

log(AEo7)(z) = -log(l-|z|2)-a(z). 

Then with ([28]), 

1 (9 '^ X 1 

--— logfAs o f) = — — ■ ax = a 

2dx ^^ •" 1- UP 2 



^|log(A.o7) = ^^-ia, = /3. 

Now let V log As be the gradient with respect to the Euclidean metric on S. As a vector field on 
S we can write, with w = f{z), 

VlogX^iw) = e-^(^) |^(logAE o7)(z)X(z) + ^(logAs o7)(z)y(; 

= 2e-'^(^){a(z)X(z)+/3(z)y(^)} 

and 

||VlogAs(«;)f =4e-2-W(a(^)2 + /3(z)2). 

Using the inversion J{w) = w/WwW^ we thus have 

and 

R{w) = w + 2J(V log Ae(w)). 
as stated. D 
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Finally we consider a confornial invariance property of the construction. This will be important 
in the next section when we show that / and its extension match on dD. 
One cannot expect Rj] to be conformally natural, meaning that 

Rj:>{T{w))=T{Rj:{w)) 

for a Mobius transformation T with T(S) = S', since w* = -Re(u;) is defined at each point w 
via the tangent plane to the surface and under a Mobius transformation this plane may become a 
sphere. However, if the families of circles {Cw : w € T,} and {Cuj '■ oj £ S'} define the reflections for 
the surfaces S and S', respectively, then T(Cw) = Cx^w)- We can describe this degree of conformal 
invariance succinctly by introducing 

Then 

nCs)=Cr(E)- (31) 

To show this, note that as w = f{z) varies over S, the circles T{Cw) clearly have properties (i) 
and (a) of LemmalUfor the surface E'. Take a point wq = f{zo), determining the circle C^q, and 
let loq = T{wq). The question is whether for any coi = T^wi) G T{Cwo) \ i'^o} the inversion 

'(0 ^-"- 



lie -"1 IP 

produces a critical point for Uj^r^r at zq. But the map 

T{v) -ui 



{IoT){v) 
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\\T{v)-u:i\ 
is a Mobius transformation sending wi to oo, as is the inversion 

-^ "^ = 11 III- 

\\v — WlW'^ 

It follows that 

{IoT){y) = {AoK){v) 

for an affine transformation A. Now the circle C^q has the property that the inversion K{v) = 
{v — wi) /\\v — wiW^ produces a critical point for uxof at zq, and since A is affine, I oT = Ao K 
produces a critical point for u.j,^ j at zq as we were required to show. We conclude that the circles 
T{Cw) for the surface S' have the properties of the circles in Lemma HI and that T{Cw) = Ct{w)- 
In addition to the conformal invariance expressed by (|3ip we have 

Cs U as = S3, (32) 

and by Lemma [5] this is a disjoint union. We will not need (|32p but we consider it an important 
feature of the construction. To prove it, observe that ii wi S = S U dT, then the inversion 

w-wi 
I{w) 



w — wiP 



has the property that /(S) is bounded. It follows by Lemma [3] that Uj^r has a critical point, and 

by Lemma m that wi lies on some C^o \ {wq}. 
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4. Definition of the Extension and Proof of Theorem [2l Part (a) 
With assumptions and notations as before, we define 

To prove that F defines an extension of / we must show that / and Ro f match continuously along 

dB. 

Lemma 7. Let z €D and let d denote the spherical metric on M? . Then 

d{f{z),R{f{z)))^0, \z\^l. 

Proof. We divide the proof into the cases when ur has one critical point and when it has none. We 

work in the spherical metric because, first, / has a spherically continuous extension, and second, 
when ur has no critical points we have to allow for shifting / by a Mobius transformation. 

Suppose Uf has a unique critical point, which we can take to be at 0. The proof of Lemma [3] 
shows that there is an a > such that along any radius [0, e*^) 

{l-r^)-^U7{re'^)>a 
or J 

for all r > ro > 0. (This corresponds to dW/ds > a in the proof of Lemma El where s is the 
hyperbolic arclength parameter.) From this it follows that 



:i-|z|2)||Vnj(z)||>a>0, 



for all l^l > To > 0. 
From 



\\RUiz))-fiz)\\ 



Mz) nr(z)e'^(^) 



Vlogiir(z)|| \\Vur{z) 



1 



uj{z)il-\z\^)\\Vujiz)W 

This tends to as \z\ — )■ 1 because ur becomes infinite (Lemma [3|) and (1 — |zp)||Vnr(^;)|| stays 
bounded below. Geometrically, the diameter of Cr, -, tends to as |2;| increases to 1. 

Next, supposing that ur has no critical point we produce one. That is, let T be a Mobius 
transformation so that Uj,^7 has a critical point at 0. The preceding argument can be repeated 
verbatim to conclude that 

\\R{T{f{z)))-T{f{z))\\^0 as \z\ ^ 1. (34) 

If R were conformally natural, if we knew that RoT = T o R, then we would be done. Instead, we 
argue as follows. 

Let z G B, z 7^ 0. The length \\R{T{f{z)))—T{f{z))\\ is the diameter of the circle C^,r,^^ based at 

T{f{z)) that defines the refiection for the surface r(S), and it tends to by (f3^ . But now, if Cj,-. 

is the circle based at f{z), for the surface S, then the refiected point R{f{z)) is also on this circle 
(diametrically opposite 7(z)) and then T(i?(7(z))) e C^^^^^^y Therefore \\T{R(f{z)))-T{J{z))\\ -^ 

as \z\ —7- 1, whence in the spherical metric d{R{f{z)),f{z)) tends to as well and the proof is 
complete. D 
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Combining Lemmas [5] and [7] proves part (a) of Theorem [2l the mapping F defined in ()33p is a 
continuous injective extension of /. Furthermore, the formulas make clear that F is real-analytic 

off ao. 



Remarks. When / is analytic in D the Ahlfors-Weill extension extension can be written as 

7(2), z€0, 

Ahlfors and Weill did not express it in this form; see [5]. Alternatively, if Af7|di(j| is the Poincare 
metric on = /(O) then 



Hz) 




^^^^ ^ ^^''^ ' ^ C = i/z,z£C\': 



5^ log Af, (/(C)) 
The equation (I30p for the reflection gives exactly 



R{w) = w+ , \ , , (35) 

dtt,logAf7(t(;) 

when / is analytic. 

The Ahlfors-Weill reflection is conformally natural: If T is a Mobius transformation of C and 
T{n) = n' then 

Rn> oT = T o Rq. 

From the perspective of the present paper this is because all tangent planes Tz{^) to ^ can be 
identified with C, which is preserved by the extensions to M^ of the Mobius transformations. 

The refiection defining the Ahlfors-Weill extension was expressed in a form like (j35p also by 
Epstein [7] in his penetrating geometric study of Nehari's and related theorems. Still another 
interesting geometric construction, using Euclidean circles of curvature, was given by Minda [9]. 

5. QUASICONFORMALITY OF THE REFLECTION AND PROOF OF THEOREM [2], PART (b) 
We now assume that / satisfies 

|5/(^)|+e^-(-)|j^(/(z))|< ; zen (36) 

for some t < 1 and that 

||Va(z)|| < — ^, zGD, (37) 

1 — |z|^ 

for some C < oo. Under these conditions we will show that the reflection w* = R{w) is quasicon- 
formal. 

Necessarily the analysis shifts to S and some of the geometric notions attached to E as a surface 
in M^ with its induced Euclidean metric go, e.g., the gradient and the Hessian of a function, the 
covariant derivative and second fundamental form, and the curvature. As a reference we cite jll) . 
whose notation we generally follow. If 1/ is a vector field on S we let Dy be the Euclidean covariant 
derivative on M^ in the direction V, applied to a function or a vector field on S, and we let Dy be 
the covariant derivative on S. If -i/' is a function on S then Dyip = Dy'tp = Vijj. The gradient of ip 
is the vector field defined by 

(Wj, V) = v^ 

and its Hessian is the symmetric, covariant 2-tensor defined by 

Hess^(y,VF) = {DvV^,W). 
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If M^ is a vector field on S then 

DvW = DvW + II{V, W) 

wliere n{V, W) is tlie second fundamental form of S. 

We can regard w i— t- R{w) as a vector field on S (not tangent to S) and we will compute its 
covariant derivative DyR in the direction of a vector V, \\y\\ = 1; tangent to S. At each it; E S 
we seek upper and lower bounds 

m{w) < \\DvR\\ < M{w), 

where sup^g^^ M{w)/m{w) is bounded by a quantity depending on t and C. 

To do this we must translate the inequality (136^ to one for functions defined on the surface. 
This requires the full differential-geometric definition of the conformal Schwarzian as a symmetric, 
traceless 2-tensor, and uses in particular a generalization of the chain rule ([8]) for the Schwarzian. 
We refer to [3] for the details as they are applicable here, and to [12] for a more general treatment. 

Very briefly, the main points are these. For a function ip defined on a 2-dimensional Riemannian 
manifold (M, g) the Schwarzian tensor of ijj is 

-Bg('0) = Hessg V' - # ® dV - 2 (^gV' - l|VgV'|||)g (38) 

where the Hessian, Laplacian, gradient, and norm are taken with respect to a Riemannian metric 
g. The final term is the trace of HesSg tp — d^®d^, so the full tensor is traceless. If / is a conformal 
mapping with conformal factor e^'^g then, by definition, 

sj = Sg(v^). 

In the case of a harmonic map / and its lift / : (D, |dzp) — )• (S, go), with conformal factor /*(go) = 
e^°"|dzp as before, we have 

Sf = Sj=B{a), 
with respect to the Euclidean metric, i.e., computing the right-hand side produces 2{a2,z — c^), 
which we took as the definition of the harmonic Schwarzian. Here, and below, when a quantity is 
calculated with respect to the Euclidean metric we drop the subscript go. 

The quantities defining B^{ip) which depend on the metric change in a not very complicated 
manner when the metric changes conformally. This is the basis for a generalized chain rule. It 
reads, in one form, 

f^gV<// - H) — ^g.K'T) - ^g\ 



BM - p) = B^iiP) - Bg{p), g = e2^g, 



and (equivalently) in terms of conformal mappings, say (Mi,gi) — > (M2,g2) — > iM^,^^), 

5g,(/o/i) = r(5gJ)+5g,/i. 

From the last equation, if / and h are inverse to each other then Sg^h = —h*{Sg2f)- 

Specializing to our case, but set up a little differently than before, we find the following. Recall 
from (p3]) the metric A| go with As o / = e~"\ji. Consider /: (B, g) — )• (S,go), g = Ap|(izp, as a 
conformal mapping with conformal factor e^'^Aj^ . We take the Schwarzian tensor of / with respect 
to g: 

5g/ = Bg{a -log Ad). 
Similarly, if /i = f~^ then h: (S, go) — )■ (B, g) is conformal with conformal factor A|.. The Schwarz- 
ian tensor of h is with respect to the induced Euclidean metric on S and 

Sh = B{\ogXj^). 
From the formulas above, 

S(logAE) =Sh = -h*sj= -h*{Bg{a - log 

14 



while 

Bg{a - logAp) = B{a) - B{logX„) = B{a), 

the last equation holding because one has -B(log Am) = (computing in the Euclidean metric). 
On the other hand, h: (S,g) — )■ (D, g) is an isometry for g = A^ gOi thus 

p(logAE)||g = ||i?g(a-logAo)||g, 

and in turn 

\\B^{a - log AB)||g = ||i?(^)||g = Xn'\\B{<T)\\ = Ae V/l- 
In the final term Sf is the harmonic Schwarzian. Combining these with (|36p we find 

||B(logAs)||g + A^^i^l = ||S(logAs)||g + A^2e2a|^| 

= X^\\Sf\+e'-\K\)<2t. 

Finally, we switch to the norm in the Euclidean metric and state the results of the calculations 
above as a lemma. 

Lemma 8. // / satisfies (p6|) then 

\\B{logX^)\\ + \K\<2tXl. (39) 

This is the inequality we use when working on S, eliminating direct mention of /. 
We proceed with the computation of DyR using the formula (|30]) . 

ii = Id + 2J(VlogAs), 
and the formula (fTOl). 



J'{x) = j^{\\xfld-2Qix)). 

We have, first, 

DvR = V + 2J'{V log Xj:)(DvV log Xj:), 
and also the relation 

DvV log Ae = DyV log As + n{V, V log As). 
Hence 

DvR = V+ 11^, \ ,,, {||VlogAsfld-2Q(VlogAs)(I)yVlogAs+J/(y,VlogAs))} 

||VlogAs|r 

At this point it is prudent to simplify the notation somewhat. Let 

A=||VlogAs||, Q = Q(VlogAs), II = II {V,V log X^). 

Furthermore, 

Hess(logAs)(l^,W^) = (L'yVlog As,l^) 
so we identify the vector DyVlog As with the 1-tensor Hess(log As)(K • ) and write 

H = DvVlogXj^. 

The Schwarzian tensor enters through the Hessian terms, but this is not immediate. 
The expression for DyR now appears a little more manageable: 

DvR = V + ^\h- ^Q{H) +11- ^Q{II) 

To be clear, A is a scalar, // and H are vectors, and Q is a matrix operating on the vectors // and 
H. 
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To find the norm HDy-^lP we are aided by several facts. First, H is tangent to S while // is 
normal to S. Second, Q is symmetric and 

Finally, from its definition, 

Qij = g(VlogAs)ij = (VlogAs)^(VlogAs)i 
and it is easy to see that for any vector X one has 

g(X) = (VlogAs,X)VlogAs. 

Hence 

{Q{n),V) = {II,QiV)) = (VlogAs,y)(//,VlogAs) = 0,_ 

because // is normal to S and so is orthogonal to V log As- In expanding ||Z)yi?|p a number of 
terms then drop out and, at length, we obtain 

\\DvRf = l + ±{H,V) + ^{ \\Hf - 2{Q{H),V) + ||//f } (40) 

where we have also used ||y|| = 1. 

Referring to the definition (|38p we have 

^(logAs) =Hess(logAs) -dlogAs ^dlogX^ - -(AlogAs - ||Vlog AE|P)go- 

Evaluate B{\ogXj:){V, •) and treat this 1-tensor as a vector, which, continuing the pattern of 
notation, we will denote by B. With these abbreviations note that (I39p implies 

ll^ll + liiTl < 2a|. (41) 

Next, in components the 2-tensor dlog As (Sidlog As is exactly (5(V log As), which we have denoted 
by Q. Finally we write 

p=-(AlogAs-||VlogAsf) = -(AlogAs-A^). 

for the trace. In these terms 

H = B + Q{V) + pV. 
and in (jiOj) . 

{H,V) = {B,V) + {Q{V),V)+p, 

\\Hf = \\Bf + K^iQiV), V)+p' + 2{B, Q{V)) + 2p{B, V) + 2p{Q{V),V), 
{Q{H),V) = {H, QiV)) = {B, QiV)) + A^{QiV), V) + p{Q{V),V). 
Substitution results in a quite compact expression: 

\\DvRf = ^ { 11^ + ^(Alog As)Ff + ||//f 

This is the penultimate form. The final step, to bring in the inequality (|4ip for the Schwarzian, is 
to introduce the curvature. 

The curvature of S with the metric A|^go is —4 since (S, A|; go) is isometric to (D, Aulfizp). For 
the curvature X < of S as a minimal surface one obtains 

A log As =4A|-|K|. 

Hence 

\\DvRf = ^\^\\B-^\K\V + 2A|yf + ||//f I . (42) 

We want to bound this from above and below. 
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To obtain a lower bound we drop the term ||//|| and use (j4ip : 

\\DvR\\ >^\\B- l\K\V + 2A|y|| > ^ |2A| - \\ - B + ^\K\V\ 

, A |,.|_||B|| ->}.§(!-«). 

To obtain an upper bound we have to estimate the term ||//||. On a minimal surface we always 
have II(X,Y) < Y^|i^|||X|| \\Y\\, and so for our case 



||I/|| = ||//(y,VlogAs)|| < V\K\ llVlogAEll = V|i^|A. 

We need estimates for each of the factors on the right, and this is where we use the assumption 
daH), that 

I|Vct(z)|| < ^ 



l-|z|2- 

An inequality for the curvature follows simply from dropping the positive \\B\\ term in (jJT 
giving 

\K\ < 2tA|. 
Next, from log(AE o /) = log Xo — a and the bound on || Vcr|| we have 

g^WA = g^W||ViogAs(7(z))|| = \\VXo{z)-Va{z)\\ 

< ||VlogAo(z)|| + \\Va{z)\\ < ^^^. 

Multiplying through by e~" brings back As on the right: 

A< (2 + C7)As. 

Finally, 

\\Ilf < |i^|A2 < \K\{2 + CfXl < 2t{2 + CfXi. 

Back to the equation (^2]) for HDy^lPj we have 

\\DvR\\ <^[\\B- ]^\K\V + 2A|y|| + ||//| 



2 r„„„ 1, 



v2 



<j^\\\B\\ + -\K\ + 2Xi + \\II\ 
< j^ {2a| + 2A| + V2i{2 + C7)A|} 
= ^{2t + ^/2i(2 + C) + 2}. 



Combining the upper and lower bounds for HDv'-Rll gives 

max||y||^i \\DvR\\ ^ 2t + ^/2t{l + C) + 2 

miTi\\v\\=i\\DvR\\ - 2(l-t) ■ ^ ' 

This shows that R is quasiconformal as a mapping from S to its reflection S*. The extension of / 
to a mapping F : C — > S U S* is as in (|33p . It, too, is quasiconformal with the same bound for 
the distortion. This completes the proof of Theorem [2l 
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When / is analytic satisfying the Ahlfors-Weih condition the quasiconformahty of the reflection 
is measured simply by the Beltrami coefficient, and this turns out to be 

Thus 1^1 < t < 1 and the extension of / is a (1 + t)/(l — t)-quasiconformal mapping of C. In the 
general case it is a question what one might take as a substitute for the Beltrami coefficient, but 
specializing to the analytic, planar case the bound (]43p becomes 



ina^\\v\\=i\\DvR\\ 2t + 2 _l + t 
min||y||=i \\DvR\\ ~ 2(1 - i) ~ 1-t 

because all estimates involving the curvature and the second fundamental form (and the upper 
bound for ||V(7||) need not enter at all. 

Remark: We have one final comment on when the condition 

l|Va(z)|| < ^ 



l-|z|2 

is satisfied if / satisfies the injectivity condition (j3|). 

Suppose ti r- has a critical point at 0. This means that o"z(0) = and we claim that 

\\Va{z)\\ < -^. (44) 

By applying a rotation of the disk it suffices to establish this on [0, 1). With k{x) = o"z(x) we find 

k'{x) = azz{x) + <T^f (x) = {azz{x) - cFzixf) + cTzzix) + k{xf, 
The bound (j4]) says that 



\crzz{x) - cFz{xf\ + 2\azz{x)\ < 



whence 



(l-|z|2)2^ 
1 



|^^'(x)|<^^-^ + IM^ 



,2| 



Now let a{x) = \k{x)\, b{x) = x/{l — x ). Then 

a'{x) < \h'{x)\ < --J + a{xf while b'{x) = ^ + bixf. 

(1 — x^j^ (1 — x^)^ 

A standard comparison argument gives a(x) < b{x), which is our claim. 

Suppose that the surface S is bounded, or equivalently that ur has a critical point somewhere 
in the disk. We may compose with a Mobius transformation of D onto itself to locate the critical 
point at the origin, and for the new conformal factor we will have ()44p . Since the new and original 
conformal factors are scaled by a factor that is smooth in the closed disk, (j44|) will also hold for 
the original conformal factor up to a constant multiple. 
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